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Abstract—In this paper, we develop a complete mathematical only. Apart from A and A phases, the occurrence of another
model of a shape memory alloy (SMA) wire actuated by an phase, called th&®-phase has also been observed in SMAs
electric current and a bias spring. The operation of the SMA actu- [3], [4]. However, the SMA wire used in this research is fully
ator involves different physical phenomena, such as heat transfer, - ' * - . P
phase transformation with temperature hysteresis, stress-strain ann_ee_lled near-equiatomic TiNi alloy, and_ therefpre, does no_t
variations and electrical resistance variation accompanying the €xhibit R-phase [4]. SMAs possess electrical resistance, and it
phase transformation. We model each of these phenomena inis convenient to heat them using the Joule effect, whereby,
a modular fashion. A key feature of the proposed model is an electric current passing through the SMA increases its
that one or more of its modules can be extended to fit other temperature. Cooling is usually accomplished by natural air

SMA applications. At the heart of the proposed model is . . ;
a differential hysteresis model capable of representing minor convection, and is, therefore, slower. Where possible, the SMA

hysteresis loops. We generate the temperature profile for the May be cooled faster using water or another fluid.

hysteresis model using lumped parameter analysis. We extend The combination of their high stiffness, high strength and

the variable sublayer model to represent actuator strain and |arge recovery strain offers great potential for the use of SMAs

electrical resistance. This model can be used to develop a positiongs actuators in diverse applications. These include aircraft

control system for the actuator. Simulation results from the model . . ) .

are found to be in good agreement with experimental data. wing shape control [5], mobile robot actuators [6], micro-
robot manipulation [7], active endoscopy [8], prosthetic end-

effector actuator [9], micro rotary actuator [10], micro fiber

switch [11], electrical and mechanical connectors [12], smart

I. INTRODUCTION structures and composites [13].

Index Terms— Hysteresis, modeling, shape memory alloy.

HAPE memory alloys (SMAs) are metallic alloys which R,
exhibit the shape memory effect, whereby, a shape mem- 1
ory alloy deformed at a low temperature will regain its
original undeformed state when heated to a higher temperature.
This property is a consequence of the reversible crystalline
phase transformation that occurs between the low temperature
martensite §7) phase and the high temperature austenite (
phase of the SMA. The two phases have the same chemi-
cal composition but different crystallographic structures, and
hence, different thermal, mechanical and electrical properties. 0
The austenitic phase is highly symmetric and usually cubic,
while the martensitic phase is non-symmetric and usual,Lyg 1
monoclinic [1]. In the absence of applied stress, Mephase

is formed without any observable macroscopic shape changerne extent of A — M transformation is characterized by
However, a large macroscopic inelastic strain can be obtaingd martensite fractiom,,. Martensite fraction is defined as
by applying mechanical stress on the SMA, which forces thge yolume fraction of martensite present in the SMA at any
M phase variants tdetwin i.e., reorient into a single variant.stant. Thereforep < R,, < 1. One can also define the
When the SMA is heated to a higher temperature Mhehase 5 ;stenite fraction?, = 1 — R,, (where R,,, R, € [0,1])
returns to the highly symmetri¢ phase and the inelastic straings the volume fraction of austenite present in the SMA. In
is, therefore, recovered and a large force is associated with t@&eral, at any given temperature, the phasasdM coexist.
strain recovery. The shape memory effect discussed abovgnigyrinciple, the thermal, mechanical and electrical properties
calledOne Way Memory Effe¢€OWME). Some SMAs exhibit ot S\vAs can be predicted iR, and the stress history of the

a Two Way Memory EffedfTWME), whereby theA phase gyA are known. However, it is not possible to measfirg by
transforms directly to detwinned/ phase during cooling pon-destructive means [14]. Differential Scanning Calorimetry
without the application of mechanical stress. SMAs can RBSC) is a well-known method for analyzing phase trans-
made to acquire TWME by a cyclic loading procedure Ca”%rmations, and it has been shown that the— M phase
training [2]. In this paper, we restrict our discussion to OWMEyransformation exhibits significant temperature hysteresis [3].
This hysteresis is mainly caused by frictional effects associated
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Schematic of martensite fraction—-temperature hysteresis.
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martensite fraction—temperature hysteresis schematic is shaweasurement and a feedback control loop, whereby the strain
in Fig. 1. The phase transformation is characterized by tkegror is minimized using any of the several standard closed
transformation start and finish temperatutésis the austenite loop control schemes. However, strain measurement might be
start temperatured; is the austenite finish temperature,, expensive [1] or impractical [15]. The other method is to
is the martensite start temperature, ang is the martensite use a mathematical model of the actuator, which predicts the
finish temperature. actuator strairg,.. This gives us two control options:

Most of the SMA actuator applications mentioned earlier « feedback control using computed ereot= €., — €., and
in this section use SMA wires, because they are easy tos model-based control using inverse dynamics model.
cut, to connect, and to activate electrically. Since one wayThus, mathematical modeling of SMA actuators is invalu-
memory effect is exhibited in most cases, it is common tgble to developing control systems for them. While new ap-
obtain inelastic strain in the martensite phase by virtue ofgdications for SMA actuators have been prolifically developed
bias spring connected in series with the SMA wire. Thus theser the years, their mathematical modeling remains an open
wire contracts when heated, and it expands with the aid @fsearch problem. Ikutet al. [3] proposed thevariable sub-
the bias spring when cooled. A schematic of a spring-biaskger modelto derive expressions for both strain and electrical
SMA wire actuator is shown in Fig. L, is the undeformed resistance of SMAs. The variable sublayer model hypothesizes
length of the SMA wire heated to 100% austenitic state andt&tt the SMA consists of parallel connected sublayers of differ-
zero pretensiong is the strain caused by spring pretensiorant phases with different mechanical characteristics. They also
while the SMA is still heated to 100% austenitic stateis proposed a phenomenological algebraic model for martensite
the recoverable strain caused By- M phase transformation. fraction—-temperature hysteresis. Their resistance modeling did
The total strain isc = ¢y + ¢,. In this paper, we propose anot produce satisfactory results. It has also been shown [16]
complete mathematical model of this spring-biased SMA winat the hysteresis model developed in [3] is not suitable for
actuator. simulation of a closed-loop control system.

Brailovski et al. [17] used a lumped parameter convective
Lo(1+¢)

Lee, heat transfer equation to generate the temperature profile for
v, SMAs, given the voltage and the current. Madill and Wang
v k [16] also used the same equation, assuming constant param-

eters. They extended the work of [3] to model a SMA wire
actuator under constant load and used the model to propose an
L2-stable position proportional control system. However, it has
Fig. 2. Schematic of spring-biased SMA wire actuator. been shown that the parameters in the heat transfer equation
are temperature-dependent [18], [19]. Recently, éflal. [1]

This paper uses experimental results obtained byebtal. Modeled the system dynamics of Fijas a black box. They
[1] on their experimental setup for spring-biased SMA wirgSed @ neural network model &f(t) —e,(t) for position PID
actuator. Here, we give only an outline of the measurement aff1trol of a spring-biased SMA wire actuator. However, they
actuation system of the setup. The details of the experimerfiifi not model minor hysteresis loops. _ _
setup are given in [1]. A potential differenedt) is applied Hyste.reS|s modeling in SMAs has' peen studied extensively
across the SMA wire using a programmable power supplf) the Ilteraturg, and forms a significant part of the SMA
This causes an electric curreift) to flow through the SMA &ctuator modeling literature. Bo and Lagoudas [14] provide
wire, which gets heated up via the Joule effect. Both) &N comprehensive review of hysteresis modeling in SMAs.

andi(t) are measurable in real-time. Therefore, poweand 1he Preisach model has been widely used to model SMA
electrical resistanc&® = v/i can also be computed in real-nysteresis. However, it has been pointed out that the Preisach

model is unable to represent dead zones of transformation
or drift of hysteresis loops with cyclic loading during par-
dial transformation [20]. Also, computation of the weighting
function for every point in the hysteresis region is a tedious

the SMA wire actuator system can be considered to be any dif@Cess. Many other algebraic models for SMA hysteresis
of the following I/O systems: (@)(t) — e, (), (b) i(t) — e, (£), have also been developed [14], [3], [16], [20], [21]. From the

(€) R(t) — e(t) or (d) vi — e.(t). The system dynamics arecontrol systems point of view, it is advantageous to model
shown in Firg.3. " the hysteresis using a differential model. Then, the hysteresis

model can easily be incorporated into the SMA dynamics
state space equations. A differential hysteresis model also
ifv/ T T H R, e & facilitates the stability analysis of the system. Yet, there is a
vi/R v meer lack of differential models of SMA hysteresis in the literature.
Likhachev [22] proposed a general differential model for
Fig. 3. Block diagram of SMA wire actuator system. representing SMA hysteresis minor loops, which is probably
the only differential model of SMA hysteresis in the literature.
Position control strategies of SMA actuators can be dividedIn this paper, we follow a modular approach to modeling
into two broad categories. One method uses actual stramch system element (see F8).of the spring-biased SMA

SMA Wire Bias Spring

time. The output variable is the transformation strginThe
actual strain is measured using a LVDT.

The motivation behind modeling of SMA wire actuator i
to be able to contrat, to follow a desired straim,.q(¢). Thus,
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I II P , in thin metal samples [17]. We also assume that only natural
i T R, : convection occurs. Let
— w-T ' Rm o-¢ ' H i
ﬂ ' (a) | p = mass density of SMA wire [kgm’],
St | ¢ = specific heat of SMA wire [Jkg!°C~1],
v : c : Lo = undeformed SMA wire length in 100% state [m],
' : dy = cross-sectional diameter of undeformed SMA wire [m],
R,-T-R : E-0C , €p = strain caused by pretension load in 100¥state,
(b) : €, = strain caused byl — M phase transformation,
Prete-n-si-o_n_ -G(-) ----- € €=cte - total strain, -
R h = convection heat transfer coefficient [WRfC~1],

v = voltage across SMA wire [V],
Fig. 4. Proposed modular system block diagram. 1 = current through SMA wire [A], and
T.m» = ambient temperature C].

wire actuator shown in Fig2. Our approach is summarized
in Fig. 4. We make four main contributions:

Then, the temperaturg [°C] of the SMA wire is governed
by the following lumped parameter convective heat transfer

_ equation:
o We use temperature-dependent parameters in the lumped

. . . 2
parameter convective heat transfer equation to obtain . mdyLodT” wdoLo (1 + E) W(T — Tomp)-

accurate temperature profile. (Fy. modulel)

4 dt

« We propose particular functions for Likhachev's generaleglectinge/2, we get

differential hysteresis model [22] to model the major and
minor loops for martensite fraction—temperature hystere-
sis. (Fig.4, modulell)

wd? Ly dT .
pc Z : priak mdoLoh(T' — Tams).- (1)

« We extend Madill and Wang'’s [16] strain analysis for Madill and Wang [16] used the above equation assuming
SMA wire actuator under constant load to spring-biaséfiat both » and c¢ are constants. However, is, in gen-
SMA wire actuator. (Fig4, moduleslli(a) andlli(b))  eral, temperature-dependent [18] and, for SMAsis also

« We use the variable sublayer model [3] to model SMAemperature-dependent [19]. It was found that the following
resistance. We propose nonlinear temperature coefficie@pressions foh, andc satisfy experimental results:

of resistivity for each phase. Modeling of SMA resistance

has significant applications. For example, the electrical
resistance of a SMA wire may be used to detect the crack
propagation in a SMA composite [15]. (Fig, module

V)

The remainder of the paper is organized as follows. Sec-
tion Il describes the heat transfer problem and the computation

al—ClQT, TZO,
h = . (2)
as+agerf (L520), T <,
T —
c:bl—I—bgerf( nm2>, ©)
2

of the temperature profile. Sectioh presents the martensiteWhereas, az, as, as, by, bz, m1, n1, my andn, are constant
fraction—temperature hysteresis differential model. Sedtion parameters. Fig5 shows a sinusoidal voltage input with
establishes the actuator strain as a function of pretension &@greasing amplitude [1]. The temperature profile for this input
martensite fraction. Sectiow describes electrical resistancds obtained from ) and is shown in Fig6. Strain calculations
calculations. Sectiol! discusses parameter identification anth SectionlV show that for the simulations in this modeling

simulation results. In Sectiovill, we present our conclusions.study, the value of does not exceed 0.105. Thus we are
justified in neglecting the/2 term in (1).

Il. HEAT TRANSFER AND TEMPERATURE

In this section, we describe the heat transfer problem of the
SMA wire and develop the temperature profile for the SMA
wire. This constitutes moduleof Fig. 4.

Electrical power is used to heat the SMA wire via the Joule
effect. Thus, while the system gains heat energy from the
electrical power, it loses heat energy to the environment. The
balance of the heat energy governs the temperature of the SMA
wire. This is essentially a transient heat transfer problem. A
straightforward method for solving this heat transfer problem
is the lumped parameter analysis, whereby, it is assumed
that the internal resistance of the wire to heat conduction
is negligible compared to the convective heat transfer with

the environment. This assumption is valid for heat transféig. 5.
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Fig. 6. Simulated temperature vs time plot.

system model, and thus, forms the basis for the remainder of
the paper. Some important issues regarding the development
of the temperature profile will be discussed in Sectiin

IIl. M ARTENSITE FRACTION—-TEMPERATUREHYSTERESIS

The crystalline phase transformation between martensite
and austenite, and hence the relationship between martensite
fraction and temperature, is hysteretic. In this section, we
propose special functions for the general differential hysteresis
model proposed by Likhachev [22] and delineate the for-
mulation of the martensite fraction—temperature differential
hysteresis model, which forms moduleof Fig. 4.

The typical R,, — T hysteretic relationship for complete
A— M transformation was shown schematically in FigThe

Since the actual temperature was not measured in thesteresis loop corresponding to compléte- A/ transforma-
experimental setup, the simulated temperature profile codidn is called the major hysteresis loop. The area enclosed
not be compared with the actual temperature profile. Hend®, the major hysteresis loop is called the hysteresis region.
direct validation of the heat transfer model was not possibliicomplete A — M transformation yields minor hysteresis
It is worth noting that, while ) has a physical basis, theloops within the major hysteresis loop, as shown schematically
functions in @) and @) are obtained phenomenologically. Theén Fig. 8. The underlying assumption is that the shape and
choice of these functions and the validity of the heat transfsansformation temperatures of minor loops are the same

model can be justified as follows:

as those of the major loop [3], [16]. Bekker and Brinson

« Fig. 7 shows the simulated temperature profile alonlf0] have also cited experimental data which corroborates
with the experimentally measured transformation straiflis assumption. The shape of the minor loops is pertinent
When the strain decreases, the temperature incread@shysteresis modeling of the SMA wire actuator because
While the strain is constant at its minima, the temperatuferward and reverse phase transformations can occur at any
decreases. When the strain increases, the temperatgfaperature within the hysteresis region while the actuator is
decreases further. While the strain is constant at i3 operation. Another assumption is that the transformation
maxima, the temperature increases. This is exactly #mperatures\/y, M;, A,, and Ay are constant throughout.

observed experimentally [22].

This is not strictly true, since it is known that transformation

« Transformation temperatured, and M, are shown in temperatures of SMAs change with applied stress. A 350
Fig. 6. It is known that theM — A transformation is MPa variation of applied stress can change transformation
exothermic, while thed — M transformation is endother- temperatures by upto 100C [24]. However, stress calcula-
mic [23]. This observation is also captured by the abo#ns in SectionlV show that the stress variation throughout
heat transfer model. In Fi@, the decrease in slope abovéhe operation of the actuator is merely 4 MPa. Hence, the
A, represents the exothermic transformation, while thériation in transformation temperatures is negligible and our
decrease in slope below/, represents the endothermicassumption is justified.

transformation.
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Fig. 8. Schematic of major and minor hysteresis loops.

Fig. 7. Simulated temperature and measured transformation strain vs time/Ve follow a phenomenological approach to hysteresis mod-

plot.

eling in this section. The proposed hysteresis model is a
Duhem[25] differential model. Consider an input (indepen-

In this section, we developed the temperature profile for tlient) variableu(t), an output (dependent) variahl¢t), and a
SMA wire actuator as a function of the input electrical powenysteresis relationship on thet) — v(¢) input-output plane.
and time. As Fig4 shows, this is modulé of the proposed The Duhem model follows intuitively from the fact thatift)
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is an increasing function, them(t) increases along one path,
and ifu(t) is a decreasing function, therft) decreases along
another path, the slopes of the paths being given by functions
g+ andg_, respectively. Mathematically, the Duhem model is

given by
b= g4 (u(t), v(t)) ()" — g (u(t),v(t)) (@),

v(0) = v,

(4)

where (0)* = £ andg, g e CO(R?) [25]. We will
refer tog, andg_ asslope functions

We propose to use Gaussian probability distribution fun :
tions (PDFs) as the slope functions of the major hysteresi

loop. A Gaussian PDF is characterized by the meamd the

variances?. Hence,
(u—pys)?
el N )

2
20+/_

1
_(u) = ——=ce —
9t/ (u) o Vor Xp<

9i
where subscripts- and — denote increasing and decreasing B

curves, respectively. Typical plots obtained frobh &re shown
in Fig. 9.

012
|
0.1F o
0.08 |
S 0.06¢
o
0.04f

0.02-

Fig. 9. Gaussian probability distribution functions.

The outputv representing the major loop is given by

-/

e Ve |
l+e <0+/_\/§ (6)

Uiy =hyy(u) 9+/—(U/)dula

Hence, the major hysteresis loop is given by the differential

equation
1 _(”*#+)2 0>
dv _ owﬂexp( 202 ) =0 @
du o 2
1 (u—p—) -
— 2Fexp(— 2;‘3 ), u < 0.
Typical plots obtained from&) are shown in Fig.10. It

is evident that the major loop in Fid.0 would qualitatively

g. 10. Gaussian Integral functions represent major loop.

loops. If we multiply the slope functions irbY by a suitable
scaling constant;, ,_ € [0, 1], wherei = 1...N, we get

Niy, (U7u+/_)2
u)=mn, _=———exp| ],
/—( ) +/7g+/ 0+/_\/ﬂ p 20_1/_
8)

which is the slope function for théh minor loop. Typical
slope functions fori = 1,2,3 are shown in Fig.11l The
corresponding minor loop curves are shown in Aig.
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Fig. 12. Minor loop curves.

match the major loop in Figs if the y-axis is inverted. This  To obtain a differential model for minor hysteresis loops,
justifies the use of the proposed Gaussian PDFs as sldpeemains to be shown that the scaling constants for each
functions is justified. Now that we have a differential equatiominor curve at any instant can be expressed in terms of
for the major loop, we turn our attention to modeling minothe couple (u(t),v(t)). We refer to Fig.13. h,,_(u) is the
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major loop, h;_(u) and hy_(u) are minor loop decreasing
curves,g, ,_(u) is the slope of the major loop and_ (u,v)

andg,_ (u,v) are slope functions of the minor loop decreasing

curves. We observe that scaling constant can be expressed
as:
b hi(w—hy(w) o= hi(u)

ny_(u,v) = = = .
) = e = Rt — R (w) ()~ o ()
©)
1+ Le—m-- -]
A =g- h-
091 //
08f ,'I a
orr /! - =9 ______. lLl’_ -]
S osf /,' //’ \('LM’)
TT 0.5 J K
]
= 04 }, ‘/ b g, ]ZQ,
o3t R
02t ",’I /’
ol s ,
0 o =g he
20 25 3‘0 35 40 4‘5 50 55 60 65
u
Fig. 13. Method for obtaining differential model for minor loops.
Therefore, the slope functiogy, _ becomes
v — hy(u)
g9-(u). (10)

o0 = 3 — e ()
It should be noted that for the major loop decreasing cur

v = h_(u), which means that the scaling constant becom

0.9r
0.81
0.7r
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Fig. 14. Simulated martensite fraction vs temperature hysteresis plot.

which forms modulél of the proposed system model of Fij.
Later in this paper, we will usel@) to model the SMA wire
strain and electrical resistance as functions of temperature.

IV. STRESS ANDSTRAIN

In this section, we extend the SMA strain results derived by
Madill and Wang [16] to the case of the spring-biased SMA
wire actuator. This forms moduld of Fig. 4. Martensite and
austenite have very different stress-strain characteristics. They
are shown in Figl5 and Fig.16 [16], respectively. Therefore,
the SMA wire straine is a function of both stress and
martensite fractior?,,,. However, stress is caused by the bias
spring tension and can be expressed as a function of strain.
VTherefore, we eliminate from thee—o — R,,, relationship and
gérivee as an explicit function of?,,,. Note thate = ¢y + ¢,..

e treatment follows Madill and Wang [16].

unity. Therefore, the major loop decreasing slope function

g—(u) is a special case oflQ). A similar analysis can be o,

done for increasing curves. Thus, the complete differen
hysteresis model can be expressed as:
h_(u)—v .
o i 9+(w), ©=0,
= (11)

%_ v—hy(u .
ﬁg_(u), < 0.

We putu = T andv = R, in (11) to obtain theR, — T
hysteresis model. Putting — v = R,, yields theR,, — T
hysteresis model:

h_(T)+Rm—1 ;
e 9+(1), T =0,

tial

Fig. 15. Schematic stress vs strain curve for austenite.

% N hy (T)+Rpm—1 : O
wr—ho 9-(1), T <0, 12) %
d
R, (0) =1, l
E |
whereg,,_ andh, ,_ are given by §) and @), respectively. E, / g 1
Scaling constants for minor hysteresis loops givenlify ( | |
were originally proposed by Likhachev [22]. Fig4 shows 1 1
the hysteresis loops obtained frorh2| for the temperature Ein e €

profile shown in Fig6. Note that in £2), we have assumed th

martensite fraction at time= 0 to be 1. This is a reasonablef9- 16-

e
Schematic stress vs strain curve for martensite.

assumption, because the initial temperature of the actuatoLet

is room temperature, which means that the SMA comprises

100% martensite at time= 0. Hence, 12) gives the complete oy = pretension load stress due to bias spring [MPa],
martensite fraction—temperature differential hysteresis modal,= spring deformation in 100% austenitic state [m],
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0.105

o, = stress due to 100% austenite [MPal], T O R e
om = stress due to 100% martensite [MPa], 7
E, = elasticity of austenite [MPa], o.oss}
E,, = elasticity of fully twinned martensite [MPa], oos|

Er = elasticity of partly twinned martensite [MPa],
E,; = elasticity of detwinned martensite [MPa],

e¥, = yield strain of twinned martensite, 008y
el = minimum strain of detwinned martensite, and 0075)
k = bias spring constant [Nmt]. 007l
The pretension load stressg is given by 065! - - - - - 1
4kA "
o0 = Eue0 = o\ (13) : . ) . .
7rd0(1 - eo) Fig. 17. Simulated strain vs martensite fraction plot.

Therefore, the prestraiey is given by

16kA function of martensite fraction. As shown in Figy.this result
T EE (14) forms modulelll of the proposed system model. It will be
0*a combined with theR,,, — T' hysteresis model developed in the
Also, elongation of the wire causes some spring relaxatigprevious section to model the SMA wire strain vs temperature
which in turn causes the tensile load on the wire to decreasdationship. Simulation results are presented in Sedifon
below oy :
4k(A — Loe,) 4k(A — Loe,) V. ELECTRICAL RESISTANCE

nd3(1—¢) B nd3(1 — ey —€) (15) In this section, we model the electrical resistance of the

. SMA wire as a function of?,,, andT’, which forms moduldV
Equation (5 forms modulelll(b) of the proposed system . . . . .
. . . of Fig. 4. The electrical resistivities of austenite and martensite
model (Fig. 4). Using the variable sublayer model [3], the . . .
. 2 : "~ are different [3]. Thus the electrical resistance of the SMA
tensile loads gets distributed in the two phases, and is given. - . .
b wire in any given state depends on the martensite fradiign
y in that state. At the same time, the resistivity of each phase

0= (1= Rin)oa+ Rmnom - (16) is also a function of the temperature [3]. We use the variable
Equation (6), along with Fig.15and Fig.16, forms module sublayer model [3] to model the electrical resistance of SMA
lli(a) of the proposed system model. Substituting fofrom  Wire actuator. Let

(19), and foro, ando,,, from Fig. 15and Fig.16, respectively, pa _ glectrical resistance of 100% austenity, [
we obtain the following expression for the total strain=  pm _ glectrical resistance of 100% martensitd, [

11
— -1
WT9TY

€0 + € pa(T) = electrical resistivity of austenitejm], and
A —dcie; . m(T) = electrical resistivity of martensitem].
6072‘171177%2;11 Loif 0<e<eéy, pm(T) y €]
The electrical resistance of each phase is given by
= _dy _ Vdiderer d ALo(1 +2
€ € 2022 2¢a , it 6'1’1” Se<ém, (17) R" = 0( —2~_ 6) pa(T)a and (19)
e
d d27463€3 . d
- - YERR o <, e = 0E29 o, (20)
Tay

wherec;, d; ande; (i = 1,2, 3) are given in the Appendix. For
the simulations in this papet, < ¢4, always. Equation17) Using the variable sublayer model [3], the two phases can
is valid for all values of pretension stress because it takes be considered to be in parallel. Then the SMA wire electrical
into account the prestrais,. However, it is only piecewise resistancer is given by

differentiable. We approximate the above expression to a poly- 1 (1-R, R

nomial in R,,, in order to obtain a continuously differentiable — =" 7 (21)
expression fok in the rangee¥, < e < € : R e R

m —

Substituting forR* and R™ from (19) and @0), we obtain
€=¢€o+ ki1Rm + ko R2, + k3 R}, (18) the following expression foRR :
where k1, ko and k3 are constant parameters. The above 1 wd3 1-R,, R, 22)
expression is obtained using MATLAB's curve fitting toolbox. R 4Lo(1+42¢) | po(T)  pm(T)

For typical parameter values, the strain values obtained from
(17) and the approximated strain obtained fraf8)(are shown of temperature. However, we find that the following nonlinear

in Fig. 17. ; T i .
: . . expressions for the resistivities satisfy experimental results:
In this section, we extended the work of Madill and Wang P fy exp

[16] to obtain the strain in the SMA wire actuator as an explicit ~ p,(T) = p1 + p2exp (—ps(T — Tums)) , and (23)

Ikuta et al. [3] modeled the resistivities as linear functions
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in MATLAB using the Levenberg-Marquardt algorithm [26]
ns : and with strain and electrical resistance errors as the objec-
=0 . . .

(24) tive functions. The starting values of the parameters for the
where p1, po, p3, q1, g2, ms3, nz and a;(i = 0,...,9) are optimization algorithm were obtained by hand-tuning.
constant parameters. The austenite resistivity and martensite
resistivity obtained fromZ3) and @4), respectively, are plotted
in Fig. 18. It is pertinent to note that the nonlinear expressions

D) = (=) 1+ rt (T2 5 o= To)

TABLE |
SIMULATION PARAMETERS

for resistivities in 23) and @4) are obtained phenomenologi- [, 6500 kgnt > Tt 24°C
cally. Consider Fig14, which showsR,,, as a function off". Lo 0.2286 m do 381 x10~%m
. 2 —T T —T
Suppose€l increases from\/; to A;. We know thatR,,, = 1 a1 ](3655VV\\/lm—2 °g 2 Zl iggg ngIOE 1
. . . . . az . m <°C— > g °C—
in this region. Hence, the electrical resstarf_ﬁewould on]y » 200 Wi 2o =T e 18°C
depend orp,,, andp,, should take a form which would yield [, 150 Wi 2oC—T o E8°C
the shape of the increasing curve in F2§. Similarly, suppose n1 10°C n2 05°C
T decreases fromi; to M,. ThenR,, = 0, and p, should Bt 78.9°C oy 11.2°C
take a form which would yield the shape of the decreasing = 34°C = 8 °C
curve in Fig.20. The above reasoning explains qualitatively 1? gsg‘i‘;zag E’“ 52863130’\"\%61
. « e Aa m
yvhy the temperature dependence of resistivities of ea(_:h phasez 876 MPa , 16800 MPa
is as shown in Figl8. Functions 23) and @4) are obtained 7 0.1 e 0.15
using MATLAB’s curve fitting toolbox. k1 0.0204 ko 0.01293
k3 0.0027
px10° ‘ ‘ ‘ ‘ ‘ P1 9.2x 10~ 7 Om Q1 34x10-8Om
i D2 8.4x 107 Om q2 57x 10~ 10 QmeC—T
! — Martenste p3 0.2499°CT m3 70°C
n3 3°C
IR Qg 8.7x 1077 Om a1 48x 10~8 QmeC!
E az | -7.8x 109 Qm°C 2 as | 7.0x 10-19 Qm°C=3
> ) as | -37x107TTQmeC ™t | a5 1.2x 10~ 12 Om°C—®
z ag | 25x 102 Qm°C % | ay | 3.2x10 18 Qm°C~ 7
2 og | 22x10°Om°C8 | a9 | 6.7x 10 2T Qm°CTY
o
Fig. 19 shows the SMA transformation strain obtained by
applying @8) to the hysteresis modell®). Fig. 20 shows

a0 40 50 &0 70 80 % the SMA electrical resistance obtained by applyir&®)(to

the hysteresis modell®). Note that, in both figures, even

for the plots titled “experimental”, the quantity on the x-axis

is the simulated temperature. It has already been pointed out
Having obtainedR as a function ofR,,, and7’, we will use that actual temperature was not measured in the experimental

the hysteresis model developed in Sectitinto model the Setup. We choose temperature as the x-axis to clearly illustrate

SMA wire resistance vs temperature relationship. The nefe dynamics of strain and electrical resistance as compared
section shows simulation results. to the martensite fraction—temperature hysteresis.

- - Experimental
—— Simulation

Fig. 18. Simulated electrical resistivity vs temperature plot.

0.04

V1. PARAMETER IDENTIFICATION AND RESULTS

Experiments were conducted by Maal.[1] to study SMA
strain during complete and partial phase transformations in
a spring-biased SMA wire actuator. We use some of their
experimental data to compare and validate the proposed model
with. In this section, we present parameter identification for
the proposed model and simulation results from the proposed
model and their comparison with the experimental data of [1].

Table | shows the parameter values used in this modeling
study. Parameters used id)(and (L7) are either obtained o ; D S s S
empirically, or taken from literature [16]. First estimates for 20 3 4 S0 60 70 80 90
parameters used irn®) were obtained by curve fittingl8)
to (17). The remaining parameters were identified using they. 19.
actual strain and electrical resistance measurements, since
the actual temperature measurements were not available, anfinally, thee,. — R relation is plotted in Fig21. Ma et al.
martensite fraction measurements were not possible. Parafi¢-used a neural network model of the — R major loop
ters used in2), (3), (5), (18), (23), and @4) were obtained by to achieve position PID control of spring-biased SMA wire
nonlinear least-squares optimization. This was accomplishactuator. Fig21 shows that the proposed model is capable of

0.035F

0.03F
0.025¢
Co002F AR N T T

0.015¢

0.01F

0.005f

Strain vs temperature.
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modelinge, — R minor loops as well, and therefore, may belue to Titanium Oxide resistance. It has also been pointed out
used to achieve more accurate position control of the actuatoy. Ma et al. [1] that the experiments conducted on the SMA
wire do not exhibit accurate repeatability until it has been
subjected to sufficient thermal cycling. Hence, the simulation
results should be viewed in light of the above issues.

It is evident that the actuator behavior is highly nonlinear
due to the complex physics of the SMA. There have been
several physics-based thermomechanical models of SMAs
(for example [14], [20]), which have not found use in the
control of SMA actuators due to their complicated nature.
Preisach models have found widespread use in SMA modeling,
but their limitations have been mentioned in SectlorThe
proposed model does not suffer from these limitations. It is
e s B m  m o computationally simple, enabling inexpensive real-time control

Tr'el of the SMA wire actuator. The above discussion demonstrates
the effectiveness of our modeling study.

2.45

Fig. 20. Electrical resistance vs temperature.

VII. CONCLUSIONS

0.04

In this paper, we developed a complete mathematical model
for a spring-biased shape memory alloy wire actuator. The
model is capable of simulating the temperature, martensite
fraction, stress, strain and electrical resistance of the actuator.
We used lumped parameter analysis to obtain the temperature
profile. We proposed particular functions for Likhachev's
general differential hysteresis equations [22] to represent major
and minor hysteresis loops. The model also extends the vari-
able sublayer model to obtain strain and electrical resistance
] of the actuator.

21 215 22 2 23 2% 24 245 One or more modules of the model can be extended to other

0.035f

0.03-

0.025F

0.0151

0.01F

0.0051

Rlo] o . . .
applications. For example, the hysteresis and electrical resis-
Fig. 21. Strain vs electrical resistance. tance modules may be used to detect the crack propagation in

a SMA composite [15]. It should also be possible to eliminate

It can be seen from Fig4.9, 20 and 21 that the simulation temperature and martensite fraction and to obtain a strain—
results from the proposed model are in qualitative agreemerectrical resistance differential model. This will facilitate
with the experimental results. The discrepancy between simrasistance feedback position control applications such as [1].
lated and experimental data can be explained as follows. TAesalient feature of the proposed model is that it is built
measured transformation strain shown in Figcorresponds upon a differential hysteresis model. The differential hysteresis
to the voltage profile of Fig5. Thus, the strain amplitude model proposed in Sectioll uses only four parameters to
should gradually decrease with each voltage cycle. Howevggnerate major and minor loops for any temperature pro-
Fig. 7 shows significant anomalies in the measured strdite. This presents a significant advantage over the algebraic
profile. These can be attributed to the fact that the ambienbdel developed in [16], which uses an algorithm to compute
conditions of the experimental setup are not constant ovegw parameter values in each thermal half-cycle. We have
time and space, since the experimental setup is not contaieégb shown that the proposed differential hysteresis model
in a hermetically sealed enclosure and the natural convectimpresents the dead zone of phase transformation @&ig.
assumption made in Sectitindoes not strictly hold. Thus, theregion betweenV/, and A;), and is, in that sense, superior
actual temperature of the SMA wire deviates indeterministie the Preisach model. Furthermore, the proposed differential
cally from what is theoretically calculated. Another source dfysteresis model makes it convenient to obtain a state space
error in the simulated temperature profile is that the functiomsodel of the SMA actuator. It facilitates the use of the rich
in (2) and @) were obtained empirically from the measuretheory of ordinary differential equations for stability analysis.
transformation strain, since the actual temperature data was has also feasible to construct an inverse of the differential
available. Hence, there is an unavoidable error in the simulategsteresis model for inverse compensation of hysteresis.
temperature profile, which is carried over to moduleslil, We also discussed significant issues regarding temperature
and IV. Additionally, it is common for a film of Titanium modeling of SMAs. This discussion yields the direction for
Oxide to form at the contacts of the SMA wire over timeenhancement of the proposed model. The proposed model can
This introduces extraneous electrical resistance into the circlig refined if actual temperature of the SMA wire is measured
affecting the experimentally measured electrical quantitieduring experiments and the heat transfer model is validated
The shorter the length of the SMA wire, the higher the errarsing this data. Further, by placing the experimental setup in
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a hermetically sealed enclosure, the temperature profile gam
be much better controlled, which would obviously yield more

accurate results.
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APPENDIX (15]
The parametric variables irl7) are given by 16
c1 = wd3[E, + (Em — Eu) R,
dy = —4kLo — 7d2[Ey + (Em — Eo) Ry (1 — 2€0), [17)
e1 = 4kA — wd3[E, + (Epm — Eo)Rileo(1 — o),

18
¢s = nd3[Eq + (Er — Eo)Ry), (el
dy = —4kLo — 7d3[Eq + (Er — E,)Rp](1 — 2¢0) (19]

+ Wd%Rmng(Em — ET), [20]
ey = 4kA — 7Td(2)(1 —¢e0)[Eaco + (Er — Eu)Rmeo
+ (Em — ET)Rme},, [21]
Cc3 = Wd(%[Ea + (Ed — Ea)Rm,
dy = —4kLo — 7d3[Ey + (Eq — Ea)Rm](1 — 2¢0) [22]
+ ﬁd%Rm[(Em — ET)€7yn + (ET — Ed)e;in],
e3 = 4kA — wd%(1 — €9)[Eaco + (Eq — Eq)Rimeo [23]
+ (Em — E7)RyeY, + (Er — Eg)Rpyed ).
[24]
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